We study the dynamical control of a magnetic skyrmion bubble by using counter-propagating surface acoustic waves (SAWs) in a ferromagnet. First, we determine the bubble mass and derive the force due to SAWs acting on a magnetic bubble using Thiele's method. The force that pushes the bubble is proportional to the strain gradient for the major strain component. We then study the dynamical pinning and motion of magnetic bubbles by SAWs in a nanowire. In a disk geometry, we propose a SAWs-driven skyrmion bubble oscillator with two resonant frequencies.
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Efficient manipulation of magnetic textures such as domain walls and skyrmions is a long-standing quest in spintronics research. 1, 2 It is attracting a lot of interest due to its potential applications in magnetic memory devices.
3-5 One of the major obstacles in such studies is the large current or magnetic field required to drive the system. 6 The presence of pinning sites will further hinder the efficient manipulation, [7] [8] [9] however, skyrmions and topological bubbles in general require much lower depinning currents. In addition to longitudinal motion, skyrmions also show transverse Hall-like motion, [10] [11] [12] [13] [14] [15] [16] [17] which in some cases can complicate device realizations.
18
Alternative methods relying on conservation of mechanical angular momentum can also be used for magnetization control.
19,20
To avoid dissipation associated with transport one can employ electric field control of magnetization. Such control can be realized via various magnetoelectric effects 21, 22 and it has been demonstrated theoretically. 23, 24 Since the modulation of anisotropy by strain is observed in many ferromagnetic materials, strain can also be used to control magnetization dynamics.
25-31
Thus, one can also electrically control magnetization dynamics by combining piezoelectric and magnetoelastic effects. A possibility to drive a domain wall by electrically-induced surface acoustic waves (SAWs) has been demonstrated recently. 27, 28 Such studies pave the way for various applications in magnetic memory and logic devices. 26, 32, 33 In this work, we explore a skyrmion bubble dynamics induced by counter-propagating SAWs. To properly describe the dynamics we introduce a finite skyrmion bubble mass. It has been established recently that the presence of finite mass can lead to unusual dynamics for the field and current induced skyrmion bubble motion.
34-36
We find that, in some instances, this mass substantially modifies the SAW induced motion of a skyrmion bubble.
We consider a magnetic skyrmion bubble, in a ferromagnetic nanowire with perpendicular magnetic anisotropy. The free energy density of the system well below the Curie temperature can be written as,
where i = {x, y}, n is a unit vector in the direction of local spin density, A is the exchange stiffness constant, K u is uniaxial anisotropy along the z-direction, H is the magnetic field applied along the z-axis and is required to stabilize and control the size of the bubble, M s is the saturation magnetization and
We are interested in the dynamics of a magnetic bubble due to counter-propagating SAWs, see Fig.(1) . Such SAWs can be generated using interdigitated transducers (IDTs) and form a standing wave along the sample provided that the two super-imposing waves are of same frequency. The magnetoelastic energy density for a film with cubic symmetry can be written as,
where B 1 and B 2 are the magnetoelastic constants of the ferromagnetic material, and ij stands for various components of the strain tensor. A SAW in a general case of an anisotropic piezoelectric can be associated with the strain components xx , xy , xz , and zz . 37 We use the following parametrization for the strain components,
where Φ R ij and Φ L ij describe the phase differences of the SAWs propagating in the opposite directions, ε 0 ij is the strain amplitude, k and ω ± are the wavevector and frequencies of the strain waves, here ω ± = ω ± ∆ω with ∆ω being detuning between the counter-propagating waves. The total energy density we consider is F = F 0 + F ME .
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We study the low energy dynamics of topological defects by employing the collective coordinates approach.
38
Within this approach the skyrmion bubble is treated as a particle experiencing a force due to magnetoelectric coupling in Eq. (2) . A rotationally symmetric magnetization texture, n = (sin θ cos φ, sin θ sin φ, cos φ), along the z-axis with helicity χ can be represented in cylindrical coordinates as n φ = W ϕ + χ and n θ = θ(r, ϕ, z) where
dφ is the winding number and θ(r, ϕ, z) is determined by minimizing the free energy. We assume that a magnetic bubble is described by the ansatz,
where
is the polarity of the magnetic bubble, R is the radius, and ∆ is the width of the circular domain wall. We substitute this ansatz into the Landau-Lifshitz-Gilbert (LLG) equation,
where F is the total free energy, s = M s /γ is the spin angular momentum density and γ is the gyromagnetic ratio. By multiplying the LLG equation with 
Here Q = (1/4π) dxdy(n · ∂ x n × ∂ y n) ≡ W P is the topological charge of the bubble, also known as skyrmion number,
is the dyadic dissipation tensor and F = −e i δ n F · ∂ X,Y n = −e i ∂ X,Y F is the effective force (per unit thickness) due to strain on the bubble where e i is a unit vector along the i-axis. For a symmetric bubble,η is reduced to δ ij dr[(r∂ r n θ ) 2 + sin 2 n θ ]/4r. The rotational term in Eq. (6) represents the Magnus force and pushes magnetization texture in transverse direction. With the assumption that magnetization texture under consideration moves as a rigid body without any deformation, the effective force along the x-direction on the texture due to SAWs is obtained as,
whereas the force along the y-direction is zero i.e. F y (X) = 0, for the SAWs applied longitudinally. The constants A ij in Eq. (7) are the shape factors due to strain and their values depend upon the shape and size of the bubble. For a rotationally symmetric magnetization texture, θ(r, ϕ, z) ≡ θ(r), the shape factors are given by,
wherer = kr and J n (r) is the Bessel function of order n. 40 From Eq. (8b), it is clear that a magnetic bubble or skyrmion with helicity χ = 0, ±π/2 or ±π doesn't couple with xy-component of strain but we observed coupling with xy-component when χ = π/4. In our discussion we take χ = 0 and concentrate on xx component of the strain since for a thin magnetic layer all other strain components are small and have very little effect on the skyrmion bubble dynamics as has been confirmed by the numerical calculations.
An evolving magnetic bubble gains inertial mass from the Döring mass due to the local magnetostatic energies and breathing modes. Since mass is an important factor in a rigid body dynamics, we phenomenologically introduce the bubble mass into Eq. (6) as,
where M = M/t with the mass of the bubble M and thickness of the ferromagnetic sample t. And F (R, t) is the strain force on the bubble induced by the strain. In addition, a bubble can experience repulsive force from the edges. Such force is introduced in Eq. (9) through the corresponding edge potential, i.e., a force given by −∇U (R) for the edge potential U (R). For example in a disk, a magnetic bubble moves inside a parabolic po- tential,
, where K is the spring constant corresponding to the repulsion of a bubble from the edges. Note that without the gyrotropic term the equation of motion of a magnetic bubble obtained above is similar to that of a damped harmonic oscillator driven by an external force.
We now study the dynamics of a magnetic bubble by numerically solving Eq. (9). In the absence of strain force and damping, in a disk geometry with parabolic edge potential U (X, Y ), the magnetic bubble moves in a trajectory with two circular modes of frequencies given by,
With the help of the open source micromagnetic simulator mumax3, 41 we first estimate the frequencies of the two circular modes of bubble motion in a disk of radius 100nm using the method similar to Ref. 34 . For a skyrmion bubble of radius 52nm stabilized in a disk with external magnetic field of 160mT, the frequencies of the circular modes are obtained as ω + /2π = 1.12GHz and ω − /2π = −3.40GHz, see Supplementary material for details. We then arrive at M = 1.60 × 10 −22 Kg and K = 0.024 J/m 2 . Assuming that the bubble mass mostly depends on its radius, we use the same mass for the bubble of the same radius in other geometries. 36 We now consider the effect of strain induced by SAW in a wire geometry. The strain shape factors in Eq. (8) are estimated using the bubble ansatz, Eq.(4). We consider a relatively long symmetric nanowire of width 200nm and thickness t = 32nm with perpendicular anisotropy. Throughout the paper we use parameters corresponding to FePt: the saturation magnetization M s = 10 6 A/m, the exchange constant A = 10 −11 J/m, the perpendicular anisotropy K u = 1.3 × 10 6 J/m 3 , and the magnetoelastic constant B 1 = 6.6 × 10 6 J/m 3 . 42,43 Gilbert damping α = 0.1 is used throughout the paper unless explicitly mentioned. We consider counter-propagating SAWs of frequency ω/2π = 4.23GHz that travel along the nanowire. For the piezoelectric substrate we use the speed of sound 2114m/s which corresponds to PZT.
27
In a long nanowire, only the edge repulsion along the transverse direction should be considered which leads to the force corresponding to parabolic potential in the ydirection. The edge repulsion along the y-direction will suppress the side motion due to the Magnus force. At the same time the external force due to strain gradient along the x-direction pushes the bubble horizontally along the nanowire. Since the strain gradient induced by SAWs is periodic with corresponding force vanishing at the anti-nodes of standing wave, the induced force dynamically pushes the bubble towards the anti-nodes. We show this behavior in Fig. 2 (left) . This shows that counter-propagating SAWs form pinning points at the anti-nodes of the standing wave in a nanowire.
The pinning of a bubble at anti-nodes of standing wave can be utilized to drive the bubble by giving a small velocity to the standing wave through detuning between the counter-propagating waves. When the wave moves with a velocity v, for an observer in the moving frame of reference, the change in frequency i.e. detuning ∆ω, can be obtained using Doppler effect as ∆ω = (v/v g )ω, where v g = ω/k is the group velocity of the SAWs in the nanowire. Therefore, the bubble velocity, which is coupled with the standing wave, is directly proportional to the detuning between the counter-propagating waves. However, this relation breaks beyond some critical value of the detuning at which the bubble starts to skip antinodes. Then the velocity of the bubble is not proportional to the detuning as shown in Fig. 2 (middle) . For strain of magnitude ε 0 xx = 5 × 10 −4 , the bubble velocity increases with detuning and reaches maximum of 1.2cm/s at ∆ω = 1.6MHz. On further increasing the detuning, the bubble decouples from the anti-node of standing wave and no longer moves along the anti-node. This results in oscillatory motion of the bubble that interacts with the different regions of the wave with reduced net velocity.
In order to drive a magnetic bubble at a high velocity, a strong coupling of the bubble with the anti-node of counter-propagating SAWs is necessary. Since the strain shape factors are constants for a fixed shape and size of the bubble, stronger coupling can be achieved for higher strain magnitude or larger magnetoelastic constants. Therefore, the maximum bubble velocity for a suitable detuning is directly proportional to the strain magnitude and/or magnetoeleastic constants. For strain magnitude ε 0 xx = 10 −4 with magnetoelastic constants mentioned above, we obtain the bubble velocity of about 0.5mm/s at detuning ∆ω = 100KHz. Numerical analysis indicates that by careful device engineering order of magnitude larger strain can be created in piezoelectric materials. 27 We can achieve higher bubble velocity of 4.5cm/s at very high strain magnitude of 10 −3 and detuning 5.8MHz. Large strain can be also realized by elastic standing waves injected through laser pulse.
44,45
Without confinement by the edge, skyrmions or magnetic bubbles with topological charge exhibit Hall-like motion. 13, 14, 16 This can be achieved in a large magnetic film where the Magnus force becomes the dominant force component driving the skyrmion bubble along the transverse direction. In Eq. (9) above, the restoring force on the bubble corresponding to demagnetizing field from the edge potential is absent, i.e. K = 0. The bubble moves in the longitudinal direction towards the anti-nodes, and there will also be a motion along the transverse direction. Since transverse velocity is larger than longitudinal by a factor of 1/α, the transverse displacement is more pronounced and it also saturates once the bubble reaches the anti-node. Such transverse displacement could also serve as a manifestation of coupling between the skyrmion bubble and the standing wave from counterpropagating SAWs. Finally, we consider SAW induced skyrmion motion in a disk. With parabolic edge potential, the equation of motion in Eq. (9) has two circular modes with frequencies ω ± , see Eq.(10) , in the absence of external strain. If ω − /ω + = −4, the bubble follows the path of a hypocycloid with five cusps. In a disk of radius 100nm, a bubble of radius 52nm follows a not-trivial path with four cusps and can be represented as the superposition of two spirals with eigen-frequencies ω + = 1.12GHz and ω − = −3.40GHz that travel in opposite directions, see Supplementary material. Here, by exciting each of the eigen-frequencies of free bubble oscillation in the disk, we can realize a resonant bubble oscillator. Similar current induced skyrmion oscillator has been realized by the balance of tangential and radial component of current induced torque in a disk. 46 In our study, we apply counter-propagating SAWs of either of the two resonant frequencies across the disk. The bubble can be resonantly excited, spirally increasing the radius of its path, see Fig. 3 . Once the Gilbert damping losses balance the SAW driving, the bubble reaches the limiting cycle at a maximum radius. We can notice from Fig. 3 that the bubble circulates in the disk in opposite directions depending upon the resonant frequency. For a skyrmion bubble of finite mass moving in a disk of sufficiently large radius, we can estimate the maximum radius of rotation, R max ∝ F max /(4πsαηω) where F max is the maximum force due to SAWs in Eq. (9) . The ratio F max /ω increases as we lower the frequency saturating at some specific value of ω for a fixed value of strain amplitude. In a disk of radius 100nm, a bubble reaches the limiting cycle of radius roughly equal to 8nm with counter-propagating SAWs for both resonant frequencies 1.12GHz and 3.40GHz, for which we take strain amplitude ε 0 xx = 5 × 10 −4 and Gilbert damping α = 0.01. As this is a resonant effect, using the material combinations with lower Gilbert damping will reveal stronger effect.
47
To summarize, we have studied dynamical control of a magnetic skyrmion bubble in a ferromagnet using counter-propagating SAWs. We propose a mechanism of SAWs controlled dynamical pinning of magnetic skyrmion bubbles at anti-nodes. We also demonstrate longitudinal driving of a bubble by SAWs in a narrow nanowire where the longitudinal motion is maintained due to pining at SAW anti-nodes and the transverse motion is suppressed by edge repulsion. In a film geometry, a larger transverse velocity can be achieved due to the Magnus force. We have also proposed a resonant bubble oscillator which can be utilized as an efficient magnetic bubble based microwave generator. In this study, a finite mass plays an important role thus the proposed method can be used in order to study the skyrmion bubble mass. Our theory and Eq. (9) also apply to skyrmions stabilized by Dzyaloshinskii-Moriya interactions. Note that the skyrmion bubble mass becomes smaller in the presence of Dzyaloshinskii-Moriya interactions which will introduce some changes in the dynamics.
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APPENDIX
The inertial mass of a magnetic bubble has been calculated numerically and also roughly confirmed by experiment. 34, 36, 42 Here, we utilize the numerical method similar to the one described in Ref. 34 to estimate the mass of a skyrmion magnetic bubble. We micromagnetically simulate the path of a magnetic bubble in a disk and fit the bubble path with that of two super-imposing spirals to find the frequencies of two circular modes corresponding to the bubble motion. Which are related to the mass of the skyrmion bubble and spring constant of the parabolic edge potential in the disk according with Eq. (10) We micromagnetically simulate FePt nanodisk of radius 100nm and thickness 32nm using open source micromagnetic simulator mumax3. 41 The magnetic parameters taken are mentioned in the main text. A magnetic bubble of radius 52nm and thickness of circular domain wall 18nm is stabilized. Note that the size of a bubble can be controlled by applying a magnetic field along the direction opposite to the core of the bubble. The bubble at rest is kicked off with a small magnetic field gradient pulse and its trajectroy of the center of mass is recorded. The bubble follows a hypocycloid of four cusps which can be fitted with the superposition of two spirals with eigen-frequencies ω ± . The fitting of the gyrotropic path of bubble, as shown in Fig.(A1) , gives the spiral eigenfrequencies ω + /2π = 1.12GHz and ω − /2π = −3.40GHz. With these frequencies, we estimate the inertial mass of the magnetic bubble and the stiffness of magnetostatic potential using Eq.(10) as M = 1.60 × 10 −22 Kg and K = 0.024 J/m 2 respectively. These estimated parameters are used in the calculations done in the main text above.
